Background: The purpose of the study is to investigate the effects of variable fluid properties, the velocity slip and the temperature slip on the time-dependent MHD squeezing flow of nanofluids between two parallel disks with transpiration. Methods: The boundary layer approximation and the small magnetic Reynolds number assumptions are used. The non-linear governing equations with appropriate boundary conditions are initially cast into dimensionless form by using similarity transformations and then the resulting equations are solved analytically via Optimal Homotopy Analysis Method (OHAM). A detailed parametric analysis is carried out through plots and tables to explore the effects of various physical parameters on the velocity temperature and nanoparticles concentration fields.
Background
Squeeze flow has promising applications in engineering and industrial processes such as bio-mechanics, flow through arteries, food processing, polymer processing, compression, injection modeling, and mechanical, industrial, and chemical engineering. Generally, squeeze flows are generated in many hydro-dynamical machines and tools where vertical velocities or normal stresses are applied due to moving boundary. Stefan (1874) initiated the study by considering the squeeze flow of a Newtonian fluid with lubrication approximation. Leider and Bird (1974) and Hamza (1988) extended the pioneering work of Stefan (1874) for flow between two parallel disks. Domairry and Aziz (2009) performed a comprehensive analysis of an electrically conducting fluid between two parallel disks of which the upper disk is impermeable and the lower disk is permeable. Joneidi et al. (2010) analyzed the effects of suction/injection and squeeze Reynolds number on the magnetohydrodynamic flow between two parallel disks. Hayat et al. (2012) extended the work of Domairry and Aziz (2009) to second-grade fluid using HAM homotopy analysis method. Further, Hussain et al. (2012) examined the unsteady MHD flow and heat transfer of a viscous fluid squeezed between two parallel disks. Furthermore, Shaban et al. (2013) reported the time-dependent squeeze MHD flow between two parallel disks via a new hybrid method based on the Tau method and the homotopy analysis method.
In recent years, manufacturing industries have begun to choose the fluids based on the heat transmission property: This has considerable implications in the performance of many devices such as in air-conditioning, electronic, chemical, and power. The traditional fluids such as water, ethylene glycol, mineral oils have limited heat transfer ability. Choi (1995) coined the word "nanofluid" for the fluids with suspended nanometer sized (10 −9 nm) particles called nanoparticles, which were dispersed in traditional fluids. The distinctive nature of the nanofluid, higher thermal conductivity at low nanoparticle aggregation, strong temperature-dependent thermal conductivity, and nonlinear increase in thermal conductivities are more useful in industrial and engineering applications which include nuclear reaction cooling, geothermal power extraction, automobile fuels, radiator cooling, cooling of electronic devices, smart fluids, and in bio-and pharmaceutical industry. Motivated by the aforementioned applications, numerous researchers have engaged in the discussion of flows of nanofluids through different geometries (see Vajravelu et al. 2011; Makinde and Aziz 2011; Bachok et al. 2012; Goodarzi et al. 2014; Togun et al. 2014; . The MHD squeezing flow of nanofluid between parallel disks is studied by Hashmi et al. (2012) . Recently, Das et al. (2016) presented a numerical study on the squeeze flow of a nanofluid between two parallel disks in the presence of a magnetic field considering slip effects. Mohyud-Din et al. (2016) considered both velocity and temperature slip effects on squeeze MHD flow of a nanofluid between parallel disks.
All the above studies analyzed the characteristics of nanofluid squeeze flows assuming constant thermo-physical properties. However, several researchers (see Lai and Kulacki (1990) , Vajravelu et al. (2013) , ) have shown that the thermo-physical properties of the ambient fluid may change with temperature, especially the fluid viscosity and the fluid thermal conductivity. For lubricating fluids, heat generated by internal friction and the corresponding rise in the temperature affects the physical properties of the nanofluid, and hence the properties of the fluid are no longer assumed to be constant. The increase in temperature leads to an increase in the transport phenomena and so the heat transfer at the wall is also affected. The experimental results show that even a very low volume fraction of nanoparticles can significantly affect the thermo-physical properties of a nanofluid (see Vajjha and Das (2012) ). Therefore, to predict the flow, heat, and mass transfer rates, it is necessary to take the variable fluid properties into account. Thus, the purpose here is to investigate the effects of variable fluid properties, the velocity slip, and the temperature slip on the time-dependent MHD squeezing flow of nanofluids between two parallel disks with transpiration. The governing partial differential equations are transformed into a set of ordinary differential equations: The non-linear coupled systems of equations have been solved for various values of sundry parameters via an efficient analytical method, optimal homotopy analysis method (OHAM) (for details see Liao (2003) , Fan and You (2013) ). The analysis revels that the fluid flow is appreciably influenced by the physical parameters. It is expected that the results presented here will not only provide useful information for industrial applications but also complement the existing literature.
Mathematical formulation
Let us consider the MHD incompressible flow of an electrically conducting nanofluid squeezed between two parallel disks separated by a variable distance h(t) = H(1 − αt)
where α is a parameter having the dimension of inverse time. The upper disk at z = h(t) is moving with the velocity dz=dt ¼ − 1=2 ð Þ αH= ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1−αt ð Þ p À Á towards or away from the stationary lower disk at z = 0. Mathematically, w = ∂h/∂t represents squeezing of the upper disk with the lower disk. The axial coordinate is denoted by z and the radial coordinate by r. u and w are the radial and axial velocities, respectively. A magnetic field of strength B(t) = B 0 (1 − αt) − 1/2 is applied perpendicular to the disks. On the basis of low Reynolds number assumption, the induced magnetic field is neglected. Here, T w and C w denote the temperature and nanoparticles concentration at the lower disk while the temperature and concentration at the upper disk are T h and C h , respectively. The physical configuration is represented in Fig. 1 . Here, the cylindrical polar coordinates are chosen for the system. Due to the rotational symmetry of the flow, the azimuthal component of the velocity vanishes identically. Under these assumptions, the governing equations for unsteady twodimensional flow and heat transfer of a viscous nanofluid are (see Hashmi et al. (2012) and Das et al. (2016) ): 
Here, ρ f is the density of the fluid, σ is the electric conductivity, T is the temperature of the fluid, and C is the nanoparticle concentration. Further, μ is the coefficient of viscosity which is considered to vary as an inverse function of temperature (see Lai and Kulacki (1990) , Vajravelu et al. (2013) , ) as
Here, both a and T r are constants, and their values depend on the reference state and the parameter ζ, reflecting a thermal property of the fluid. In general, a > 0 corresponds to liquid and a < 0 to gasses. Also, let θ r be the constant which is defined by θ r = (T r − T h )/ΔT = − 1/(ζ ΔT), where ΔT = (T w − T h ). It is worth mentioning here that for ζ → 0 i. e. , μ = μ h (constant), θ r → ∞. It is also important to note that θ r is negative for liquids and positive for gasses. This is due to the fact that viscosity of a liquid usually decreases with increasing temperature while it increases for gasses. The temperature-dependent thermal conductivity λ(T) and the species dependence on molecular diffusion of the diffusing species D B (C) (diffusion coefficient) in the fluid are assumed to vary as linear functions of temperature and nanoparticle species diffusion respectively in the following forms:
where ε 1 and ε 2 are the small parameters, respectively, called variable thermal conductivity parameter and the variable species diffusivity parameter. T w and C w are the temperature and the nanoparticle concentration at the lower disk whereas μ h , k h , and D Bh are respectively the fluid viscosity, thermal conductivity, and the species diffusivity/Brownian diffusion coefficient of the fluid at the upper disk, T m is the mean fluid temperature, D T is the thermophoretic diffusion coefficient,
is the ratio between the effective heat capacity of the nanoparticle material and heat capacity of the fluid. Thus, the value of τ will be therefore different for different fluids and nanoparticle materials. The appropriate boundary conditions for the problem (see Das et al. (2016) ) are 
Physically, squeeze parameter S > 0 corresponds to plates moving apart and S < 0 to the plates moving closer. Furthermore, transpiration (suction/injection) A > 0 corresponds to suction and A < 0 to injection at the lower stationary disk. In the absence of variable fluid properties (i. e., θ r = ε 1 = ε 2 = 0), slip velocity (i. e., β = 0), and slip temperature (i. e., γ = 0), Eqs. (10) to (13) reduce to those of Hashmi et al. (2012) . Also, in the absence of variable fluid properties (i. e., θ r = ε 1 = ε 2 = 0) the set of equations with boundary conditions (14) reduces to those of Das et al. (2016) . The quantities of physical interest are the skin friction coefficient C fr , the Nusselt number N ur , and the Sherwood number S hr which are defined as follows:
In terms of (9), these expressions reduce to
where
is the local squeeze Reynolds number.
Methods

Semi-analytical solution: optimal homotopy analysis method (OHAM)
The governing equations are highly non-linear, coupled ODEs with variable coefficients. We use optimal homotopy analysis method (OHAM) to obtain appropriate analytic solutions for Eqs. (10)- (12) with associated boundary conditions (13). The OHAM is based on the homotopy concept from topology. In this regard, a nonlinear problem is transformed into an infinite number of linear sub-problems. In the framework of OHAM, we have great freedom to choose the auxiliary linear operators and initial approximations. This is advantageous over other iterative techniques, where convergence is largely tied to a good initial approximation of the solution. The OHAM differs from other analytic approximation methods as it does not depend on small or large physical parameters. This is achieved by inclusion of an artificial "convergence control parameter," which guarantees convergence of the solution series. The OHAM has been successfully applied to a wide variety of non-linear problems (for details see Liao (2003) Fan and You (2013) ). Optimal homotopy analysis method is employed to solve the system of non-linear Eqs. (10)- (12) with boundary conditions (13).
In the outline of the OHAM, the non-linear equations are decomposed into their linear parts as follows. In accordance with the boundary conditions (13), the base functions are chosen as {a m η m /m ≥ 0}, then the dimensionless velocity f(η), temperature θ(η), and concentration ϕ(η) can be expressed in the series form as follows
where a k , b k , and c k are the coefficients. According to the rule of solution expression and boundary conditions (13), we assume the following: Initial guesses for dimensionless velocity f(η), temperature θ(η), and concentration ϕ(η) as
where c i ' 2, 3, 4, 5, 6, 7, 8) are arbitrary constants and H f (η) = H θ (η) = H ϕ (η) = 1 are auxiliary functions. Let us consider so called zeroth order deformation approximations as
with conditionŝ
where q ∈ [0, 1] is an embedding parameter and h
are the convergence control parameters. Here, N f , N θ , and N ϕ are non-linear operators defined as
From Eqs. (18) to (20), at q = 0, we have
ð Þ ¼φ 0 η ð Þ respectively, whereas at q = 1, we have
Hence, by defining
we expandf η; q ð Þ,θ η; q ð Þ, andφ η; q ð Þ by means of Taylor's series aŝ
If series (21) converges at q = 1, we get the homotopy series solutions
Optimal convergence control parameter
It should be noted that f(η), θ(η) , and ϕ(η) in Eq. (22) contain the unknown convergence control parameters h
which can be used to adjust and control the convergence region and the rate of convergence of the homotopy series solution. The mth order deformation equations and the conditions are as follows:
Error analysis
Now we evaluate the error and minimize over h for evaluation of f″(1) is observed. As for the CPU time is concerned, the average residual error needs less time compared to that of the exact residual error for increasing values of m (for details, see Table 1 ). At the mth order deformation equation, the exact residual errors are given bŷ
But in practice the evaluation of Ê m f , Ê m θ , and Ê m ϕ is much time-consuming so instead of exact residual errors, we use average residual errors defined as Table 3 , which has been obtained by minimizing the squared residual errors of f, θ, and ϕ at the approximation m = 6 as shown in Table 2 . It is observed from Table 3 that CPU time increases consistently as the approximation increases and with the increase of order of approximation, the average residual error for f, θ, and ϕ decreases continuously. Hence, the optimal value of f, θ, and ϕ helps in the fastest convergence of solution series. Substituting these optimal values of h ⌢ f ; h ⌢ θ ; and h ⌢ ϕ in Eq. (22), we get the approximate solutions of Eqs. (10) to (12) satisfying the boundary conditions (13).
Results and discussion
The system of Eqs. (10) to (12) is highly non-linear coupled ordinary differential equations. The system of equations with the boundary conditions (13) is solved analytically via efficient OHAM. In order to validate the method and to judge the accuracy of the analysis, the values of the skin friction, local Nusselt number, and the local Sherwood number are compared with the previously published results for special cases in which the thermo-physical fluid properties are neglected (see Tables 4, 5 , and 6). It can be found from Tables 4, 5, and 6 that the present results agree very well with those of Hashmi et al. (2012) and Das et al. (2016) . On employing the above analytical schemes, the system of equations are solved for several sets of values of the pertinent parameters, namely, the fluid viscosity parameter θ r , the squeeze parameter S, the magnetic parameter Mn, the Prandtl number Pr, the thermophoresis parameter Nt, the Brownian motion parameter Nb, the variable thermal conductivity parameter ε 1 , the variable species diffusivity parameter ε 2 , the Lewis number Le, the suction/injection parameter A, velocity slip parameter β, and the temperature slip parameter γ. In order to get clear insight into the effects of these parameters on flow characteristics, the obtained results are analyzed graphically in Figs. 2, 3 , and 5. It may be note that, θ r < 0 for liquids and θ r > 0 for gasses. This is due to the fact that viscosity of a liquid decreases with increasing temperature while it increases for gasses. Hence, in this steady, we considered negative values of θ r . The computed numerical values for f″(1), θ′(1), and ϕ′(1) are tabulated in Table 7 .
Velocity field
The effect of θ r , Mn, S, and β on the velocity distribution f′(η) for transpiration (suction/blowing) is elucidated in Fig. 2a-d . Here, the profiles are parabolic in nature. In general, at the central region, these profiles exhibit the cross-flow behavior and also exhibit the dual behavior with the increase in the pertinent parameters. From Fig. 2a it is clear that, for higher values of θ r , the velocity profile increases near the walls where the transpiration effects are dominant when η ≤ 0.44, η ≤ 0.46, andη ≤ 0.49. However, for η > 0.44, η > 0.46, andη > 0.49, Table 1 Comparison of f″(1) and CPU time (s) incurred to evaluate the mth order approximation by exact residual error and average residual error when M = Pr = 1, S = Nb = Nt = 0.5, Le = 2, A = 0.01, γ = ε 1 = ε 2 = 0.1, θ r = − 5.0, andβ = 0.01. the velocity profiles decreases as θ r → 0. This may be attributed to the fact that, for a given base fluid (air or water), when ζ is fixed, lesser θ r implies higher temperature difference between the wall and the ambient fluid. Hence, the results explicitly manifest that θ r is the indicator of the variation of fluid viscosity with temperature which has a substantial effect on f′(η) and hence on f″(1) (see Table 7 for details). The effect of Mn on f′(η) is demonstrated in Fig. 2b . It is observed that, for the higher values of Mn, the fluid velocity increase and thereby decrease the thickness of the momentum boundary layer near the wall region, for absence of suction/injection parameter and 0.23 ≥ η ≥ 0.67 for suction) However, the reverse trend is observed in the central region. This dual behavior of the flow is due to the mass conservation constraint (see Lawal and Kalyon (1998) ). Figure 2c depicts the behavior of S on f′(η) It is seen that f′(η) decreases with an increase in S at the central region for suction (0.32 ≤ η ≤ 0.74) and the reverse trend is recorded in the case of injection. Physically, in the case of suction, there will be an increase in h(t) which will cause it to decrease in velocity and the increase in squeezing parameter. Further, when η ≤ 0.32 or η ≤ 0.74, that is the neighborhood of 0.32 and 0.74, there will be a corresponding decrease in h(t) which in turn will increase in both fluid velocity and squeezing parameter. The effect of β on f′(η) is shown in Fig. 2d . The behavior of f′(η) at the surface of the disks is zero when β = 0 (no slip at the wall). For the suction flow, an increase in β strengthens the f′(η) near the wall, that is for η ≥ 0.16 and η ≥ 0.82, while at the central region, rising β results in weakening of f′(η). However, for the case of injection, the effect of f ′(η) is opposite to that accounted for suction flow. Physically, in the case of injection, an increase in f′(η) near the wall region with increasing β gives rise to a decrease in velocity gradient at there. However, when the mass flow rate is kept constant, an increase in the fluid velocity near the wall region will be remunerated by an analogous fall in the fluid velocity near the mid region so that mass conservation limitation will not be dishonored (see ref. (Lawal and Kalyon 1998) ).
Temperature distribution and nanoparticle volume distribution
The effects of S, γ, ε 1 , Pr, and Nt on the temperature distribution θ(η) for transpiration are presented in Fig. 3a -c. Figure 3a illustrates the effect of S on θ(η). For larger S, the temperature distribution reduces in the case of suction whereas the reverse trend is observed in the case of injection. Higher values of S indicate a decrease in the kinematic viscosity which depends on the velocity and distance between disks. The effect of γ on θ(η) is depicted in Fig. 3b . It is observed that in the absence of thermal slip (when γ = 0); the temperature of the fluid and temperature of the disks' surfaces remain same (here, 0 for the lower disk and 1 for the upper disk). These results are found to Table 2 Values of convergence control parameters h f ; h θ ; and h ϕ and the corresponding total residual errors E t m for different orders of approximation m with S = M = 0.1, Pr = 0.72, γ = 0.1, Nb = Nt = 0.1, Le = 1, A = 0.01, ε 1 = ε 2 = 0.1, θ r = − 10.0, β = 0.1. be identical to the results of Das et al. (2016) when γ = 0. In the case of suction, temperature of the fluid decreases as γ increases when η ≤ 0.74 and for injection, the trend is reverse when η ≥ 0.34. The influence of the Pr on θ(η) is displayed in Fig. 3c . It is worth mentioning here that, from the experimental studies it has been noted that at 20°C, the Prandtl number for air is 0.72; at 300°C, the Prandtl number for water is 1.09; at 40°C, the Prandtl number for ammonia is 2.0; and at 417°C, the Prandtl number for molten salt is 5.09 (see Tables 4, 5 , and 6). Physically, Pr < < 1 means high thermal conductivity but low viscosity, while Pr > > 1 corresponding to high-viscosity oils (see Kothandaraman and Subramanyan (2014) ). Rapid increase in temperature profile is recorded for decreasing Pr, while the thermal boundary layer thickness decreases with increasing values of Pr (as evident from Table 7 ). This is due to fluids with higher values of Pr possess a large heat capacity and hence intensifies the heat transfer which leads to a fall in the rate of heat transfer; in addition to this, the assumption of temperature-dependent thermal conductivity suggests a reduction in the magnitude of the velocity by a
∂T ∂r which can be seen in Eq. (4). Therefore, the rate of cooling is much faster for the coolant material having small values for the thermal conductivity. Opposite behavior of θ(η) is observed in the case of ε 1 . Figure 3d reflects the effects of suction and injection for increasing values of Nt and Nb on θ(η). The increase in both Nt and Nb leads increase in θ(η) for suction and for injection opposite nature is observed. The behavior of concentration profile (nanoparticle volume distribution) ϕ(η) is demonstrated in Fig. 4a , b. Figure 4a shows the effect of Nt and Nb on ϕ(η). Both Nt and Nb exerts opposite effects on ϕ(η). Increase in Nt results in a decrease in ϕ(η), this results is due to a larger mass flux at the lower disk. The effect of Le and ε 2 on ϕ(η) is discussed in Fig. 4b . The increase in ε 2 results in an increase in concentration and the opposite results are found in the case of Le. Figure 5a -c presents the threedimensional plot of the velocity components. These plots exhibit similar results as those of f′(η).
In Table 7 , we present the results of f″ (1), θ′(1), and ϕ′(1) for several sets of values of the physical Table 4 Comparison of the values of the of skin friction coefficient for various values of Mn and S with A = 2, Pr = Le = Nb = 1, θ r → ∞, ε 1 = ε 2 = β = γ = Nt = 0. 
Conclusions
In this paper, an analytical technique is used to solve the mathematical model of MHD squeeze flow of nanofluid between parallel disks. This analysis gives unified results for the parameters Mn, S, Nt, and Nb, from which one can obtain the results for the special cases of Hashmi et al. (2012) and Das et al. (2016) . The effects of temperaturedependent thermo-physical properties are significant on the flow field. For higher values of the fluid viscosity parameter, the velocity field increases near the walls. However, the transpiration effects are dominant and exhibit the crossflow behavior as well as the dual behavior. The temperature and the concentration fields are respectively the increasing functions of the variable thermal conductivity and the variable species diffusivity parameters. 
Greek symbols
α characteristic parameter ζ constant defined in equation (6) ν ∞ kinematic viscosity away from the sheet (kg/m 3 ) ρ ∞ constant fluid density (kg/m 3 ) ρ f density of the fluid (kg/m 3 ) σ electric conductivity ε 1 variable thermal conductivity parameter ε 2 variable species diffusivity parameter (m 2 /s) η similarity variables 
